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Abstract 
We study nugatory crossings for knots in S”. In particular, we have results on nugatory crossings 
for composite knots and two-bridge knots. 0 1999 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
Let K be a knot in S3 and D a diagram of K. Throughout this paper we study the 
following problem: In D, which crossing is nugatory? 
Considering numerical invariants for K locally defined via crossing changes such as 
Vassiliev invariants (see [2, Fig. lo]), here we give the following definition. 
Definition 1.1 (nugatory crossing). A crossing in D is nugatory if we have the same 
knot after the crossing change on it. 
By this definition, the diagram (*) in Fig. 1 of the trivial knot has exactly two nugatory 
crossings. To consider nugatory crossings for a given K, i.e., considering those in all 
possible diagrams of K, we may introduce an equivalence relation of crossing changes 
which is seemed to be essential in this situation. First, regarding a crossing change as a 
replacement of the pair of a 3-ball and arcs properly embedded in it, we fix a model of 
a crossing change as in Fig. 2, where aB n t = aB n t’. 
’ E-mail: torisu@math.sci.osaka-u.ac.jp. 
‘This research was partially supported by Fellowships of the Japan Society for the Promotion of Science for 
Japanese Junior Scientists. 
0166-8641/99/$ - see front matter 0 1999 Elsevier Science B.V. All rights reserved. 
PII: SO166-8641(97)00238-l 
I. Torisu / Topology and its Applications 92 (1999) 119-129 
Fig. I. 
(B, t> (B, t’> 
Fig. 2. 
Fig. 3. 
Then choosing a crossing in D corresponds to taking an embedding i : (B, t) of 
(S3, K) and the crossing change corresponds to taking the union of i( (B, t’)) and 
(S3, K) - i((B, t)) which produces some knot K’ in S3. 
Definition 1.2. Two crossing changes on crossings corresponding to embeddings 
ii : (B, t) L) (S3, K) and i2 : (B, t) L) (S3, K) are equivalent if there exists an ori- 
entation preserving homeomorphism f of S3 such that f(K) = K and f o ir = iz. 
We also say that two nugatory crossings are equivalent if the corresponding crossing 
changes are equivalent. For example in Fig. 3, we can easily see that for the diagram (a), 
all crossing changes on any crossing are equivalent but for the diagram (b), two nugatory 
crossings are not equivalent. In this paper we examine and determine nugatory crossings 
for knots under connected sum and two-bridge knots. These results will hold for links. 
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Fig. 4. Fig. 5. 
2. Main theorems 
For two knots K1 and K2, let Kl#Kz denote the connected sum of KI and K2. Then 
we have the following theorem. 
Theorem 2.1 (nugatory crossing under connected sum). Any nugatory crossing for 
K,#Kz is equivalent to the following 
( 1) that us in Fig. 4, or 
(2) that originally arising from Kl or K2. 
That is, one cannot make an essentially new nugatory crossing by connected sum oper- 
ations. 
By Theorem 2.1, in the following we only have to consider nugatory crossings for 
prime knots. Here we have a result for two-bridge knots which have been obtained 
independently by Berge and Naimi and Rieck, respectively. It is the following. 
Theorem 2.2. Any nugatory crossing for two-bridge knots is equivalent to the trivial 
crossing, where the trivial crossing is the crossing as in Fig. 5. 
Remark. For the trivial knot, a similar result to Theorem 2.2 was first proved by Bleiler 
and Scharlemann [3] and there is another proof by Taniyama [ 151. 
Let S(p, Q) be the two-bridge knot (or link) whose two-fold branched cover is the lens 
space L(p, q), where p and q are relatively prime integers. When p is even, S(p, q) is a 
two component link, for p odd, S(p, q) is a knot. 
S(p, q) and S(p’, q’) are equivalent as a knot (or link) if and only if p = p’ and 
(I) q -_ q’ (modp) or (11) qq’ G 1 (modp) [4, Theorem 12.6(b)]. For T E Q U {l/O}, let 
denote a rational tangle of slope T [4, Chapter 121. Notice that 
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Fig. 6. 
Here we give a general theorem about crossing changes for S(p, q) which leads to 
Theorem 2.2. 
Theorem 2.3. For any crossing change between S(p, q) and S(r, s), there exist r1 and 
r2 E Q u {l/O) such that the pair of S(p, q) and S(r, s) appear us in Fig. 6 and 
the crossing change is equivalent to that in the dotted circle. Furthermore there exist 
pairs of relatively prime integers (m, n) and (a, b) such that rb - sa = 1, S(p, q) = 
S(2an2 + r(2mn 4~ I), 2bn2 + s(2mn 4~ 1)) and the denominators of r1 and r2 are n 
and rm + an. 
Remark. The last part of Theorem 2.3 has been proved in [ 181 by the author and a result 
similar to the part has also been obtained by Berge and Dazey and Sumners, respectively 
(see [6]). Therefore we will prove the first part of Theorem 2.3 in Section 4. 
Proof of Theorem 2.2. Suppose S(p, q) remains the same by a crossing change. Then, 
by Theorem 2.3, S(p, q) has the diagram as in the statement of Theorem 2.3 and there 
exist pairs of relatively prime integers (m, n) and (a, b) such that pb - qa = 1, S(p, q) 
is equivalent to S(2an2 + p(2mn f l), 2bn2 + q(2 mn f 1)) and the denominators of r1 
and r2 are n and rm + an. Therefore it follows that p = 2an2 + p(2mn f 1) and 
(I) q E 2bn2 + q(2mn ZIZ 1) (modp) or 
(II) q(2bn2 + q(2mn f 1)) = 1 (modp). 
But under above conditions, elementary number theory for the congruences easily show 
n = 0 or pm + un = 0. Hence the crossing in the dotted circle is trivial. 0 
For addendum we have 
Theorem 2.4. The number of equivalence classes of crossing changes between given 
two two-bridge knots or links is at most two. 
Next we consider how knots and links transform into its mirror images by a crossing 
change. 
Corollary 2.5. Suppose S(p, q) nontrivially transforms into its mirror image S(p, -q) 
by a crossing change. Then there exists a rational number r such that the one of S(p, q) 
and S(p, -4) appears us in Fig. 7 and the crossing change is done in the dotted circle. 
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Fig. 7. 
Proof of Corollary 2.5. By Theorem 2.3, there exist rational numbers rr and r2 as in 
the statement of Theorem 2.3. Suppose t-1 = ~~/yt and r2 = x~/y~, where (xi, y~i) are 
relatively prime integers (i = 1.2). Then, by calculating the first homology of the double 
cover of S(p, q), we obtain P = 1x1~2 + ZZYI + ~1~21 and P = 151~2 + 22~1 - ~11~21. 
Since Y/I and y2 are not zero, we have :ctyz + :c2yr = 0. Therefore rz = -TI and we put 
T = 7’1. 0 
3. Proof of Theorem 2.1 
In this section we prove Theorem 2.1. The technique for the proof will be used again 
in the following Section 4. Let N(k) be a regular neighborhood of a knot k in a closed 
orientable 3-manifold AJ, with p a meridian of N(k). Let E(k) be the exterior of k in 
M, that is, E(k) = M - intN(k). N ow, let k(y) denote the closed manifold obtained 
by attaching a solid torus V to E(k) so that a curve of slope y on aE(k) bounds a 
disk in V. Here the slope indicates the isotopy class of a nontrivial simple closed curve 
in aE(k). We shall say that k(y) is the result of y-Dehn surgery on k in M. For two 
slopes y and 6 in aE( k), let A(y, 6) be their minimal geometric intersection number. 
For a knot K in S3, let MK denote the double branched cover along K, i.e., there is 
an involution g on MK such that the quotient of (h[~, Fix(g)) by g is (S3, K), where 
Fix(g) is the set of fixed points of g. Let @ denote the covering map from MK to S3. 
For oriented manifolds M and N, M 2 N means M and N are homeomorphic by an 
orientation preserving homeomorphism. 
Lemma 3.1. rf’K’ is obtained by a crossing change from K on a crossing corresponding 
to an embedding i : (B, t) q (S”, K), then M& E k(y), where k is a core of the solid 
torus @-’ (i(B)) with A(?, p) = 2. 
Proof. This follows from Montesinos’ technique [12] and the observation obtained by 
Lickorish [lo, Lemma I]. 0 
Proof of Theorem 2.1. Without loss of generality, we assume that K1 and K2 are 
nontrivial prime knots. Suppose Kl#K2 has a nugatory crossing. Then, there exists a 
knot k in MK~~I(* as in Lemma 3.1. Note that MK,~K~ = MK,#MK* (the connected 
sum as manifolds), where MK, and MK? are prime manifolds not homeomorphic to S”. 
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Fig. 8. 
Fig. 9. 
Therefore an essential 2-sphere S exists in MK, #MK,. Here we take the S equivariantly 
about involution g, i.e., g(S) = S [l]. Now for some slope y with A(y,p) = 2, 
k(y) = MK, #MIG. Then by 181, E(k) must be reducible. Hence E(k) has an essential 
2-sphere S’. Suppose S’ is also essential in MK, #MK~. Then, since S’ is isotopic to S, 
we can assume that k lies in a prime factor of MK, #MK*. Therefore this case is reduced 
to that of nugatory crossings for Kr or KZ and the statement (2) holds. Suppose S’ is 
inessential in MK, #ikf~~. Then S’ bounds a 3-ball B in MK, #MK~ and k c int B. Since 
S’ is not isotopic to S, B remains a 3-ball after y-Dehn surgery on k. By the Cyclic 
Surgery Theorem [5], since A(y, p) = 2, k must be trivial. Therefore the situation is as 
in the following Fig. 9, whew k may be on S (but not drawn). 
Hence, after taking the quotient by the involution, we have the desired statement (1). 
This completes the proof of Theorem 2.1. 0 
4. Proofs of Theorems 2.3 and 2.4 
In this section we prove Theorems 2.3 and 2.4. The idea of proofs are due to that in 
[15] and [18]. Let mg((c~r,pr), . . . , (cut,pt)) be a Seifert fibred space, where g is the 
genus of the orbit surface F, c is the number of boundary components, t is the number of 
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surgery instructions used to obtain the Seifert fibred space from the genuine (orientable) 
S’ -bundle over F. Each pair (oi, ,&) specifies a particular surgery (for example, see [ 1 1, 
Chapter 41). Our convention shall be that when y is nonnegative, F is orientable, while 
~1 negative implies that F is nonorientable (F ” #F!, RP*). 
Lemma 4.1 [ 18, Lemma 41. Let k be u knot in L(r, s). If E(k) is a Seifetijbred space, 
then k is a fiber in some Seifert$brution of L(r. s). 
Lemma 4.2. If S(p, q) is obtained by a crossing change ,from S(r, s) on a crossing 
corresponding to an embedding i : (B, t) L-) (S” 7 S(r, s)), then L(p, q) is obtained by 
either; for some Seifert jibering of L(r, s), y-Dehn surgery along a jiber k or y-Dehn 
surgery along the trivial knot k in L(r, s), where k is a core of the solid torus @-‘(i(B)) 
with A(y: p) = 2. 
Proof. From Lemma 3.1 we know that L(p, q) is obtained by y-Dehn surgery on some 
knot k in L(r, s), where k is a core of the solid torus @-‘(i(B)) and n(y, II) = 2. 
Hence we only have to check k is a fiber or the trivial knot. Then both y and p are 
cyclic slopes, that is, y and p-Dehn surgery yield the manifold with cyclic fundamental 
groups. By the Cyclic Surgery Theorem [.5], E(k) is Seifert fibred or reducible. If E(k) 
is Seifert fibred, then by Lemma 4.1, k is a fiber. If E(k) is reducible, then k(y) has 
L(r, s) as a connected summand. Hence L(p, q) = k(y) = L(T, s). Therefore there exists 
a 3-ball in L(r: s) which contains k and y-Dehn surgery along k restricted in the 3-ball 
must be a 3-ball again. But, since A(?, p) = 2, again by the Cyclic Surgery Theorem 
and the fact that torus knots have Property P [ 131, k must be trivial. 0 
Hereafter exactly as in [ 181 we describe surgeries on fibers of Seifert fibrations of lens 
spaces. For i = 1,2, let V, be a solid torus standardly embedded in S3 and let pi and 
Xi be a meridian and a longitude of r/;, respectively. Let h be an orientation-reversing 
homeomorphism from dVi to ?I& such that h(pl) = spy + rX2. Then the space VI IJ~ V2 
obtained from VI and VZ by identifying their boundaries by h is the lens space L(r, s). 
Let C,,,, be a (m, n)-curve on aV,, that is, a simple loop on CIVl which is isotopic to 
mpr + n,Xi . Let a and b be integers such that rb - sa = 1. Then we may assume h(XI ) = 
bp2 + a& and C,,, is isotopic to (snl + bn)/r2 + (rm + an)& on a& = CIV,. L(r, s) 
has a Seifert fibration in which C,,?, is a fiber if and only if n # 0 and rm + an # 0. 
In fact, such a Seifert fibration is given by mi((n. Y). (rm + an, TJ)), where 2 and y are 
some integers. We may push C,,., into int V, Then, for a slope 2 on aiv(cm,n), using 
the usual meridian-longitude coordinates of dN(C,,.,) c VI c S”, we identify y with 
c/d ~1 Q U {cc}, with c and d relatively prime. And we also use this coordinates for the 
trivial knot in a lens space. 
Proof of Theorem 2.3. Suppose S(p, y) is obtained by a crossing change from S(r, s) 
on a crossing corresponding to an embedding i : (B, t) c) (S3, S(r, s)). If S(p, q) and 
S(r, s) are both trivial, then by [3,15] the statement holds by putting r1 = 0 and r2 = 1 /O. 
So without loss of generality we assume S(T, s) is nontrivial. Then, since A(?. /L) = 2, 
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Fig. 10. 
by using above coordinates, in Lemma 4.2 we identify y as c/2 where c is some odd 
integer. That is, L(p, Q) is obtained by c/2-Dehn surgery on some knot k as in the 
statement of Lemma 4.2. Let !P be the involution of L(r, s) - int N(k) restricted by that 
of L(r, s). If k is trivial, because L(T, s) # S3, c must be *l and L(p, q) E L(r, s). 
Then the quotient of a sufficiently small 3-ball containing k by !P again become a 3-ball. 
Since the Smith conjecture is true [l], it follows that corresponding crossing change is 
equivalent to the trivial crossing change (see Fig. 10). 
Then by putting ri = q/p and t-2 = l/O in the statement of Theorem 2.3, in this case, 
the proof is completed. Hence next we treat the case k is a fiber. 
Then [18] shows that whether k is singular or not, there exists a decomposition 
VI LJ~ V2 of L(r, s) as above such that k is isotopic to some C,,,, c VI Uh V2 and 
k(y) = k(*1/2) E mi((n,z),(rm + alz,y),(!cl,2)), where L(T,s) - intN(k) ” 
mh((n, x), (rm + ~72, y)) and L(r, s) ” mi((n, z), (rm + an, y)). 
Then, since involutions of L(r, s) - int N(k) are unique up to conjugation [ 161 (that is 
a natural one), considering the quotient of L(r, s) - int N(k) by 9, S(p, q) and S(T, s) 
has the following diagrams, where r{ = z/n, ri = y/(rm + an) and the corresponding 
crossing change is done in the third rational tangle of slope 12 in S(p, q). 
Because 
after flyping these diagrams, we obtain those in the statement of Theorem 2.3, where we 
put rt = r{ and r:! = ri F 1. This completes the proof of Theorem 2.3 0 
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Proof of Theorem 2.4. In the proof of Theorem 2.3 if k is trivial, then s(p: u) = 
S(T, s). Since the equivalence classes of nugatory crossing changes for S(p, q) are unique 
(Theorem 2.2), we only have to consider the case where k is a fiber. Then because 
involutions of L(Y, s) - int N(k) are unique up to conjugation, the number of equivalence 
classes of crossing changes between S(p, q) and S( , c ) r s are determined by k. Fixing the 
decomposition of L(r, s) as in Section 2 (a and b are fixed), we put k = C,.,. By the 
proof of Theorem 1, we have 
L(p, q) ” L(2an2 + r(2nsn & 1). 2bn* + s(2rnn * 1)). 
Then by the classification of lens spaces up to orientation preserving homeomorphisms, 
the number we need to obtain is that of pairs (m n) of relatively prime integers satisfying 
p = 2an2 + r(2mn * 1) and 
(I) q E 2bn2 + s(2mn * 1) (modp) or 
(II) q(2bn2 -t s(2mn f 1)) E 1 (modp). 
This is easily calculated and at most two. This completes the proof of Theorem 2.4. cl 
5. Conjectures and concluding remarks 
Considering main theorems and its proofs, we propose several conjectures. 
Conjecture 5.1 (nugatory crossing conjecture, cf. [9, Problem 1.581). Any nugatory cros- 
sing is always as in Fig. 11. 
Remark. 
(i) Theorem 2.1 shows that it suffices to prove the nugatory crossing conjecture for 
prime knots. 
(ii) Motegi has proposed a conjecture on twisting operations on knots which generalize 
the nugatory crossing conjecture. See [ 14, Conjecture 3.21. 
We call a crossing as a mirror crossing if we have the mirror image of the knot after 
a crossing change on it. 
Conjecture 5.2. Any mirror crossing is always as in Fig. 12, where T is a tangle and 
T is the mirror image of T, i.e., any mirror crossing is visible. 
Fig. 11. 
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Fig. 12. 
We also call a crossing as a homologically nugatory crossing if after a crossing change 
on it, the first homology group for the double branched covering along the knot does not 
change. 
Conjecture 5.3. Any homologically nugatory crossing is either a nugatory crossing or 
a mirror crossing. 
Remark. In a word, we have proved above 
paper. 
conjectures for two-bridge knots in this 
We finally remark on the relation between the nugatory crossing conjecture and a 
conjecture for Dehn surgery on knots in 3-manifolds. 
Conjecture 5.4 (Cosmetic surgery conjecture [9, Problem 1.81(A)]). Any nontrivial 
Dehn surgery on any nontrivial knot in any oriented closed 3-manifold change the am- 
bient 3-manifold with orientation. 
Proposition 5.5. If the cosmetic surgery conjecture is true, then so is the nugatory cross- 
ing conjecture. 
The proof of Proposition 5.5 is similar to that in Sections 3 and 4. 
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